The coefficients of the nonlinear terms in a modified Altarelli-Parisi evolution equation with parton recombination are determined in the leading logarithmic (Q 2 ) approximation. The results are valid in the whole x region and contain the translation GG → qq, which is inhibited in the double leading logarithmic approximation. The comparisons of the new evolution equation with the Gribov-Levin-Ryskin equation are presented.
Introduction
The inclusion of parton recombination to the proton structure function through a modified Altarelli-Parisi equation is an interesting subject involving the test of perturbative QCD and the study of new effects in small x physics. A traditional tool in this research is the so-called Gribov-Levin-Ryskin (GLR) equation, presented in two pioneering papers:
one is the idea of shadowing arising from gluon recombination, which was proposed by Gribov, Levin, Ryskin [1] based on the AGK (Abramovsky, Gribov, Kancheli) cutting rules [2] in the double leading logarithmic approximation (DLLA); the other is a perturbative calculation of the recombination probabilities in the DLLA by Mueller and Qiu [3] , which enables the GLR equation to be applied phenomenologically.
Unfortunately, a series of questions in the GLR equation destroyed the gluon recombination effects. In our previous work [4] , one of us (WZ) has proposed that the application of the AGK cutting rules is unreasonable in the GLR equation since it sums up the diagrams in which the cut lines break the important correlation among the initial gluons. For this reason, a new evolution equation including parton recombination was established in the leading logarithmic (Q 2 ) approximation (LL(Q 2 )A) using time ordered perturbation theory (TOPT) instead of the AGK cutting rules [4] . This equation for parton distributions in the proton can be generally written as 
and
where we temporarily neglect the linear terms in the Altarelli-Parisi equation and G (2) is the correlation function for four-gluon lines. The new equation provides the following physical picture for the gluon recombination in a QCD evolution process: the two-partonto-two-parton (2 → 2) amplitudes (Figs. 1a-1b) lead to positive (antiscreening) effects and the interference amplitudes between the one-parton-to-two-parton (1 → 2) and the three-parton-to two-parton (3 → 2) (Figs. 1c-1f) amplitudes lead to negative (screening) effects, respectively. The TOPT-analysis shows that the above two kinds of amplitudes correspond to the same recombination function i P i but in different kinematic ranges.
On the other hand, the complete corrections of the gluon recombination to the evolution equation should include the contributions from the virtual diagrams corresponding to δ(x 1 − x B ) and δ(x 2 − x B ), however, they cancel each other in the proton [4] .
The quantitative predictions of Eq. (1) depend on the recombination functions.
Mueller and Qiu [3] have derived similar transition probabilities i P M Q,i in the DLLA, where only the gluon ladder graphs are kept at small x. We should remember that the AGK cutting rules are applicable only in diagrams which consist of gluon ladders [1] .
Therefore, the DLLA is a necessary approximation for using the AGK cutting rules in the GLR equation. On the other hand, in the Mueller-Qiu approach [3] , the cut vertex technique [5] was used to calculate the transition probabilities, which are entangled in a complex cut diagram with four-parton propagators [3] . Therefore, the DLLA is also a convenient approximation in Ref. [3] .
However, we shall point out that the DLLA leads to a difficulty in the GLR equation:
the transition of gluon→ quarks is suppressed in the DLLA-manner. Although the special techniques are used to include the corrections of gluon recombination to the quark distributions in Ref. [3] , however, it seems inconsistent in the theory as we will show in Sect. 5.
The purpose of this paper is to derive the recombination functions of Eq. (1) in the LL(Q 2 ) approximation. We can generalize the recombination function to the whole x region and even include the processes with quarks, since Eq. (1) is not restricted by the AGK cutting rules [4] . Furthermore, we used TOPT instead of the cut vertex method in the derivation of Eq. (1) [4] . Thus, we can separately calculate the simple two-parton-to-two-parton (2 → 2) processes in the recombination function. Following the above mentioned derivation, we shall complete a new modified Altarelli-Parisi evolution equation with parton recombination in the LL(Q 2 ) approximation, which is valid in the whole x region. Momentum conservation is naturally restored due to the coexistence of the shadowing-and antishadowing-effects in the new evolution equation. We also find that the DLLA is a bad approximation even for the recombination function of gluons in the small-x region.
The outline of the paper is as follows. In Sect. 2 we shall derive a set of complete recombination functions. An undetermined factor in Eq. (1) is the correlation function G (2) , which relates to the nonperturbative structure of the proton. We use a simple assumption to model G (2) in Sect. 3. Combining the results of the above two sections, we establish a modified Altarelli-Parisi equation including parton recombination in Sect. 4.
In Sect. 5 we compare our new equation with the GLR equation.
Recombination functions
The recombination function in Eq. (1) is factorized due to the application of TOPT in [4] . All processes of two-parton-to-two-parton (2 → 2) type can be precisely calculated using the standard perturbative QCD, except that the energies of partons are not conserved at the vertex connecting with the probe.
At first, we calculate the recombination function for the two-gluon-to-two-gluon process. The momenta of all initial and final partons are on-shell and they are parametrized as (see Fig. 2 ),
We take the physical axial gauge and the light-like vector n fixes the gauge as n·A = 0,
A being the gluon field. The corresponding recombination function is defined by [4] 
The index i in Eq. (3) implies the t-, u-, s-channels and their interference terms. We begin with the t-channel graph (Fig. 3 ). The contribution of this process to the invariant amplitude is
where (i, j), (l, m), (p, q) and (r, s) are the space-indices corresponding to (µ,ν), (α,β), (ξ,η) and (φ,χ), respectively. We need to distinguish the probing place, for example, the transfer momenta l L and l R are determined by two down-vertices in Fig. 3 where the probing place is
The algebra in Eq. (4) can be straightforwardly derived without any approximation in computer. The contributions from the u-channel and the interference channels can be similarly obtained by using the interchanges of the corresponding momenta.
Now we turn to discuss the s-channel as shown in Fig. 4 . We should note that the massless partons with the parallel momenta can go on-mass-shell simultaneously in the collinear case and the collinear singularity may arise in the s-channel since
Fortunately, we now have an useful tool [6, 7] to pick up the short-distance contributions in the propagator with collinear divergence: we use the following special propagators (for quarks)
and (for gluons)
to replace the normal Feynman propagators, respectively. Using the definitions
or equivalently
we have n 2 = 0, n 2 = 0, and n · n = 1. The contribution of the s-channel (Fig. 4 ) to the invariant amplitude can then be safely calculated as,
where we have used the following replacement in the calculations:
Obviously, the contributions given by the s-channel and corresponding interference channels integrate to zero if the correlation function
, since these contributions contain the factor (
. Thus, we can forget the s-channel and its interference terms in GG → GG.
The contributions of Feynman diagram with four-gluon vertex are neglected because they are less singular. The total contributions of GG → GG are given in Appendix A.
The recombination function i P
GG→GG i
has poles at x 1 = 0 and x 2 = 0 (see Eq.
(A.1)). However, Eq. (1.a) is really infrared safe. One can simply check this conclusion as follows. For example, x 1 = 0 implies that ∆ = 0 since only twist-4 or twist-2 amplitudes contribute to an unpolarized amplitude. Summing over the contributions of the right-hand side of Eq. (1.a) at the poles, one can find that
where the two positive terms are symmetric under x 1 ↔ x 2 and x 1 = 0 in the negative interference term. Therefore, Eq. (1) is infrared safe.
Furthermore, unlike the GLR equation, the momentum is conserved in Eq. (1), i.e.,
Now let us return to consider the recombination functions for GG → qq. For example, the contribution of the t-channel process in Fig. 5 to the invariant amplitude is
The final results for
GG→qq i
are listed in Appendix A, where the contributions of the s-channel and corresponding interference channels vanish due to the same symmetry as
We need only consider the gluon recombination at small x, since gluons dominate the small-x behavior of the parton distributions in proton. However, in principle, our equation
can include the recombination of quark-quark, quark-antiquark and quark-gluon in the LLA. For this end, we list all recombination functions in Appendix B. We will discuss the properties of our results in Sect. 5.
Parton correlation functions
Equation (1) includes the gluon correlation function
the parton density is a concept defined at twist-2. The parton correlation function is a generalization of the parton density beyond the leading twist and it has not yet been determined both in theory and experiment. For comparison with the GLR equation, we
shall use a toy model as in Ref. [3] . First of all, we assume that We consider that the different branches of the parton cascade evolve independently; this is valid in the large N c limit [8] . Thus,
is the usual gluon density. However, the density G(x, Q 2 ) can not be normalized since
A more reasonable approach is to use the gluon density in rapidity space xG(x, Q 2 ) = dn G /dy instead of G(x, Q 2 ). The normalization condition is
due to momentum conservation, where the sum is over all parton flavors. Therefore, we can assume the two-gluon distribution per unit area in proton to be
where the first factor is from a normalization factor of the parton correlation function [3, 6] and the second factor is determined by a simple geometric model as in Ref. [3] . Although
Eq. (18) is a phenomenological model, however, its x-dependence can be checked by experiment.
Modified Altarelli-Parisi equation
In this section we derive a modified Altarelli-Parisi equation with gluon recombination.
Inputting Eq. (18) with the recombination functions to Eq. (1) and adding the linear terms corresponding to the Altarelli-Parisi equation, we have We have a similar result for GG → qq:
where the recombination function with the assumption (18) is
We will discuss the properties of our new modified Altarelli-Parisi equation (19) in the next section.
Discussions
In order to compare Eq. (19) with the GLR equation, we begin with a review of the DLLA. As definited by the Altarelli-Parisi equation, the DLLA means that in each order in α s , one keeps only the ln(Q 2 /µ 2 ) ln(1/x) factor in the solutions of the evolution equation, or equivalently, only the terms having 1/z = x 1 /x B factor in the splitting function are necessary to generate larger logarithms in x B (Fig. 6) . We know that the splitting functions P give the leading contributions in the DLLA since they have the factor 1/z = (
Thus, we can conclude that any transition of G → q or GG → q is suppressed in the DLLA-approach. Now let us remember the GLR equation, which has following form in [3] :
As we have emphasized, the DLLA inhibits any transition of G → q or GG → q.
Therefore, Ref. [3] takes some special treatments to realize the above mentioned transition. (19) because they have different kinematical domains in x.
We emphasize that the DLLA is an unreasonable approximation even in Eq. (19.a).
In fact, we take the DLLA and keep the leading term ∼ 1/z in Eq. (19.a). In this case, this equation can be simplified as
where the upper-limit of the integral in the negative interfering terms is 1/2 due to the restriction x 1 + x 2 ≤ 1. There is such gluon density, for example,
where the net recombination effects disappear due to the balance of the shadowing-and antishadowing-effects. The calculation shows that λ c = 1 and 0.5 for Eq. (19.a) and Eq. (21), respectively. Therefore, we can find that the DLLA obviously distorts the recombination effects even in the gluon evolution equation at small x.
Finally, we estimate the size of the gluon recombination effect. On can use
to determine the kinematic range, where the nonlinear effects can not be neglected in Eq. 
The HERA data show that xG(x, Q 2 ) ∼ 2 − 10 for Q 2 = (1 − 10) GeV 2 and x = 10 −3 .
Thus, we can expect that the gluon recombination effects will be appeared in the proton structure function in the range Q 2 < 10 GeV 2 and x< 10 −3 if R << 1 fm (i.e., the gluon distribution in the proton has the "hot spots"-structure).
In summary, the coefficients of the nonlinear terms in a modified Altarelli-Parisi evo- 
Appendix A
We give the recombination functions in Eq. (1) for the case of where we don't distinguish quark and antiquark. In the above mentioned equations, we have not includes the contributions of the s-channel and corresponding interference terms, since they integrate to zero.
Appendix B
For simplicity, we present the recombination functions of quark-quark and quark-gluon at x 1 = x 2 and x and "x" means the probing place. Fig. 2 The two-gluon-to-two-gluon subprocess in recombination function. 
